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Let p denote a prime = 1 (mod 4). We have (Fermat) p = a2 + b2 where 
(say) a - 1 (mod 4). It is proved that a = f  @(,+,)&/2, l/2, 1; -1) where 
F-(0;, /?, y; x) stands for the sum of the first n terms of the hypergeometric series 
F(a, p, y; x). The sign is + or - according as p = 1 (mod 8) or p = 5 (mod 8). 
THEOREM. Let p denote a prime = 1 (mod 4). Then (Fermat) 
p = a2 + b* 
where (without loss of generality) 
a = 1 (mod 4) 
Then we have 
(1) 
(2) 
a f ItB~(,+,,,2(1/2, l/Z 1; -1) (3) 
where Fn(q /3, y; x) stands for the sum of the first n terms of the hyper- 
geometric series F(oI, p, y; x) of Gauss. The sign in (3) is + or - according 
us p = l(8) or p = 5(8). 
Prooj: (Sketch). We have (all congruences to the modulus p) 
1 e3.5 (1 + -&42 E 1 - ix + gx2 - ___ Pfl 2 .4.6X3+ .-.to 2 -terms 
(4) 
(1--J-)‘D-1)‘2= 1 +A+$&&+ ;-y.z3 + . ..to+teryj 
The constant terms in the product of (4) and (5) is, therefore, 
= 1 - (1)’ + (+-+)” - ( k 1 i : i )* + *** to * terms. 
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Now this series is equal to F(.+,),,(1/2, l/2, 1; - 1). It follows that the 
coefficient of x+-l in the expansion of 
is congruent (mod p) to F(,+,),,(1/2, l/2, 1; - 1). Finally we use the 
results of pp. 49-54, especially the formulae (177) and (181), from my 
book “The Riemann Hypothesis and Hilbert’s Tenth Problem,” Gordon 
Breach, New York, 1965. These results are due to Hasse but the essential 
idea stems from Gauss, who found that 
*a+:, with m = (p - 1)/4 
and (3 denotes the binomial coefficient x!/y!(x - u)!. 
